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​(​𝑑𝜎/𝑑Ω )↓diff = ​𝑟↓𝑒↑2 ​|Δ𝜌|↑2 ​|ℱ(​𝑞↓|| , ​𝑘↓𝑧↑𝑖 , ​𝑘↓𝑧↑𝑓 )|↑2 	
  

ℱ(​𝑞↓|| , ​𝑘↓𝑧↑𝑖 , ​𝑘↓𝑧↑𝑓 )=𝐹(​𝑞↓|| , ​𝑞↓𝑧↑1 )+𝑟(​𝛼↓𝑓 )𝐹(​𝑞↓|| , ​𝑞↓𝑧↑2 )+𝑟(​𝛼↓𝑖 )𝐹(​𝑞↓|| , ​𝑞↓𝑧↑3 )+𝑟(​𝛼↓𝑖 )𝑟(​𝛼↓𝑓 )𝐹(​𝑞↓|| , ​𝑞↓𝑧↑4 )	
  

​𝑞↓𝑧↑1 = ​𝑘↓𝑧↑𝑓 − ​𝑘↓𝑧↑𝑖 	
  

​𝑞↓𝑧↑3 = ​𝑘↓𝑧↑𝑓 + ​𝑘↓𝑧↑𝑖 	
  

𝑟(​𝛼↓𝑖 )	
  

​𝑞↓𝑧↑2 = ​−𝑘↓𝑧↑𝑓 − ​𝑘↓𝑧↑𝑖 	
  

𝑟(​𝛼↓𝑓 )	
  

​𝑞↓𝑧↑4 = ​−𝑘↓𝑧↑𝑓 + ​𝑘↓𝑧↑𝑖 	
  

𝑟(​𝛼↓𝑓 )	
  𝑟(​𝛼↓𝑖 )	
  

GISAXS from supported nano-objects 
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Born	
  approxima+on	
  



ℱ(​𝑞↓|| , ​𝑘↓𝑧,1↑𝑖 , ​𝑘↓𝑧,1↑𝑓 )= ​𝑇↓2 (​𝑘↓𝑧,2↑𝑓 )​𝑇↓2 (​𝑘↓𝑧,2↑𝑖 )𝐹(​𝑞↓|| , ​𝑞↓𝑧,2↑1 )+ ​𝑅↓2 (​𝑘↓𝑧,2↑𝑓 )​𝑇↓2 (​𝑘↓𝑧,2↑𝑖 )𝐹(​𝑞↓|| , ​𝑞↓𝑧,2↑2 )

+ ​𝑇↓2 (​𝑘↓𝑧,2↑𝑓 )​𝑅↓2 (​𝑘↓𝑧,2↑𝑖 )𝐹(​𝑞↓|| , ​𝑞↓𝑧,2↑3 )+ ​𝑅↓2 (​𝑘↓𝑧,2↑𝑓 )​𝑅↓2 (​𝑘↓𝑧,2↑𝑖 )𝐹(​𝑞↓|| , ​𝑞↓𝑧,2↑4 )	
  

GISAXS from buried structures in films 
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𝜓(𝒓,𝒌)= ​𝑒↑𝑖​𝒌↓|| ∙ ​𝒓↓||  {█■​𝑒↑−𝑖​𝑘↓𝑧,1 𝑧 + ​𝑅↓1 ​𝑒↑𝑖​𝑘↓𝑧,1 𝑧  ⁠​𝑇↓2 ​𝑒↑−𝑖​𝑘↓𝑧,2 𝑧 + ​𝑅↓2 ​𝑒↑𝑖​𝑘↓𝑧,2 𝑧  ⁠​𝑇↓3 ​𝑒↑−𝑖​𝑘↓𝑧,3 𝑧   	
  for	
  𝑧>0	
  
for	
  −𝑑<𝑧<0	
  
for	
  𝑧<−𝑑	
  

​𝑞↓𝑧,2↑1 = ​𝑘↓𝑧,2↑𝑓 − ​𝑘↓𝑧.2↑𝑖 	
   ​𝑞↓𝑧,2↑2 = ​−𝑘↓𝑧,2↑𝑓 − ​𝑘↓𝑧.2↑𝑖 	
  

​𝑞↓𝑧,2↑3 = ​𝑘↓𝑧,2↑𝑓 + ​𝑘↓𝑧.2↑𝑖 	
   ​𝑞↓𝑧,2↑4 =− ​𝑘↓𝑧,2↑𝑓 + ​𝑘↓𝑧.2↑𝑖 	
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Transmission and reflection channels 
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Transmission	
  

Reflec.on	
  

B.	
  Lee	
  et	
  al,	
  Macromolecules	
  38,	
  4316	
  (2005)	
  

3 4

1 2

1 2

3 4

Important	
  for	
  substrate	
  supported	
  3D	
  structure	
  indexing!	
  



Ewald sphere Construction 

§  Diffrac<on	
  occurs	
  when	
  Laue	
  condi<on	
  
is	
  fulfilled	
  

§  Ewald	
  sphere	
  construc<on	
  
–  Draw	
  a	
  sphere	
  with	
  radius	
  |k|	
  centered	
  

at	
  the	
  sample	
  posi<on	
  (in	
  the	
  lab	
  frame)	
  
–  Superimpose	
  the	
  reciprocal	
  space	
  with	
  

its	
  origin	
  at	
  the	
  intersec<on	
  of	
  the	
  
incident	
  beam	
  and	
  the	
  Ewald	
  sphere	
  
surface.	
  

–  Reciprocal	
  laZces	
  falling	
  on	
  the	
  sphere	
  
surface	
  give	
  diffrac<ons.	
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𝒒=𝑮	
  
𝒒= ​𝒌↑′ −𝒌	
  :	
  wave	
  vector	
  transfer	
  
G	
  :	
  reciprocal	
  laZce	
  vector	
  

𝒌	
  

𝒌′	
  

𝒒=𝑮	
  	
  

𝒌′	
  
𝒒	
  	
  

x	
  

z	
  

y	
  
Lab	
  frame	
  



3D structure indexing in supported organized films 

§  Ewald	
  sphere	
  is	
  defined	
  in	
  the	
  lab	
  frame;	
  reciprocal	
  space	
  laZces	
  are	
  
conveniently	
  defined	
  in	
  the	
  sample	
  frame.	
  The	
  two	
  frames	
  are	
  related	
  by	
  
an	
  incident	
  angle	
  dependent	
  rota<on	
  matrix	
  	
  

§  Reciprocal	
  laZce	
  vector	
  in	
  the	
  lab	
  frame	
  is	
  obtained	
  from	
  the	
  sample	
  
frame	
  through	
  a	
  rota<on	
  opera<on	
  	
  

	
   	
  (​𝐺↓𝑥 , ​𝐺↓𝑦 , ​𝐺↓𝑧 )= ​𝑅↓𝑦 𝑮= ​𝑅↓𝑦 (ℎ​𝒂↓1↑∗ +𝑘​𝒂↓2↑∗ +𝑙​
𝒂↓𝟑↑∗ ).	
  

§  Allowed	
  diffrac<ons	
  for	
  laZce	
  points	
  on	
  Ewald	
  sphere	
  surface	
  	
  
	
  	
  
	
  	
  
	
  ∆𝐺	
  accounts	
  for	
  the	
  finite	
  size	
  of	
  Bragg	
  peak	
  in	
  the	
  reciprocal	
  space	
  
	
  and	
  any	
  	
  mosaicity	
  of	
  the	
  domains.	
  

§  Wave	
  vector	
  transfer	
  (​𝑞↓𝑥 , ​𝑞↓𝑦 , ​𝑞↓𝑧 )	
  is	
  defined	
  in	
  the	
  sample	
  frame	
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​​|​𝑮↓𝑙𝑎𝑏 −𝒌|↑2 − ​|𝒌|↑2 =( ​𝐺↓𝑥 −𝑘)↑2 + ​𝐺↓𝑦↑2 + ​𝐺↓𝑧↑2 − ​𝑘↓↑2 ≤ ​∆𝐺↓↑2 	
  

​𝑅↓𝑦 (𝛼)=[█■​cos⁠𝛼 &0&​sin ⁠𝛼 @0&1&0@− ​sin ⁠𝛼 &0&​cos⁠𝛼  ]	
  



3D structure indexing in supported organized films 
§  Domains	
  of	
  surface	
  supported	
  structures	
  oaen	
  have	
  a	
  sta<s<cal	
  orienta<on	
  

distribu<on	
  with	
  respect	
  to	
  surface	
  normal.	
  Assume	
  the	
  orienta<on	
  is	
  
isotropic	
  in	
  the	
  surface	
  plane,	
  which	
  is	
  oaen	
  true	
  for	
  most	
  self-­‐assembled	
  
structures;	
  thus	
  the	
  reciprocal	
  laZce	
  points	
  become	
  a	
  set	
  of	
  rings	
  (2D	
  
powers),	
  dependent	
  only	
  on	
  in-­‐plane	
  ​𝑞↓|| =√⁠​𝑞↓𝑥↑2 + ​𝑞↓𝑦↑2  	
  

§  Laue	
  condi<on	
  and	
  the	
  rota<on	
  opera<on	
  of	
  𝑞	
  are	
  given	
  by	
  	
  

§  Solve	
  these	
  equa<ons	
  simultaneously	
  for	
  (​𝑞↓∥ , ​𝑞↓𝑧 ).	
  Thus	
  the	
  outgoing	
  
angles	
  are	
  

§  Soawares:	
  NanoCell	
  (Mathema<ca,	
  Hillhouse	
  at	
  Washington	
  U.),	
  GIXSGUI	
  
(Matlab,	
  8ID/APS/ANL),	
  and	
  Byeongdu	
  Lee	
  (APS/ANL)’s	
  code.	
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​𝐺↓𝑥↑2 + ​𝐺↓𝑦↑2 +	
   ​𝐺↓𝑧↑2 − ​𝑞↓∥↑2 + ​𝑞↓𝑧↑2 + ​𝑞↓𝑧↑ (​𝐺↓𝑥↑ ​sin ⁠𝛼− ​𝐺↓𝑧↑ ​cos⁠𝛼 )=0	
  
​−𝐺↓𝑥↑ ​sin ⁠𝛼 + ​𝐺↓𝑧↑ ​cos⁠𝛼 = ​𝑞↓𝑧↑ 	
  

2𝜃=arccos(​​cos↑2 ​𝛼↓𝑓 + ​cos↑2 ​𝛼↓𝑖 − ​(​𝑞↓∥ /𝑘)↑2 /2​cos⁠​𝛼↓𝑓  ​cos⁠​𝛼↓𝑖   )	
  

Exit	
  angle	
  (reflec<on)	
  

Exit	
  angle	
  (transmission)	
  

In-­‐plane	
  angle	
  



3D structure indexing – example #1 

§  Rhombohedral	
  nanoporous	
  silica	
  thin	
  film	
  with	
  R-­‐3m	
  
symmetry,	
  a=114	
  A	
  and	
  α=87°	
  

§  [111]	
  direc<on	
  perpendicular	
  to	
  the	
  silicon	
  substrate	
  
§  E=7.35	
  KeV,	
  and	
  incident	
  angle	
  is	
  0.23°	
  
§  Born	
  approxima<on	
  does	
  not	
  work	
  well	
  when	
  exit	
  

angle	
  is	
  close	
  to	
  the	
  cri<cal	
  angle.	
  
§  Born	
  approxima<on	
  does	
  not	
  predict	
  some	
  peaks	
  

which	
  arises	
  from	
  the	
  transmired	
  and	
  reflected	
  
scarering	
  channels.	
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BA	
  

DWBA,	
  
transmi2ed	
  

<000>	
  

<111>	
  

<222>	
  

<100>	
  

<110>	
  

<112>	
  

<122>	
  

<223>	
  

<012>	
  

<123>	
  

<-­‐111>	
  

<002>	
  

<022>	
  

<113>	
  
<023>	
  

<013>	
  

<-­‐112>	
  

<-­‐211>	
  

<-­‐122>	
  
<003>	
  

DWBA	
  

M.	
  Tate	
  et	
  al.,	
  JPCB	
  110,	
  9882	
  (2006)	
  

[111]	
  	
  



3D structure indexing – more examples 
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Hexagonally	
  closely	
  packed	
  (HCP)	
  cylinders	
  self-­‐
assembled	
  in	
  PtBMA-­‐PMMA	
  block-­‐copolymer	
  films	
  
Y.	
  Sun,	
  et	
  al.,	
  Macromolecules	
  44,	
  6525	
  (2011)	
  

Double-­‐gyroid	
  porous	
  film	
  on	
  FTO	
  substrate	
  
V.	
  Urade	
  et	
  al.,	
  Chem.	
  Mater.	
  19,	
  768	
  (2007)	
  

002	
  

004	
  

-­‐101	
  
101	
  

-­‐103	
  
103	
  

006	
  
-­‐105	
  
105	
  

-­‐107	
  
107	
  

-­‐200	
  
200	
  

-­‐202	
  
202	
  

-­‐204	
  
204	
  

-­‐301	
  
301	
  

-­‐303	
  
303	
  



Textured films 

§  In	
  2D	
  powders,	
  a	
  well-­‐aligned	
  axis	
  is	
  perpendicular	
  to	
  the	
  substrate	
  
and	
  rota<onal	
  averaging	
  with	
  respect	
  to	
  the	
  surface	
  normal	
  results	
  
in	
  a	
  rota<onally	
  homogeneous	
  scarering	
  intensity.	
  

§  In	
  textured	
  films,	
  further	
  ordering	
  may	
  exist,	
  and	
  structures	
  may	
  
show	
  a	
  preferen<al	
  orienta<on	
  with	
  respect	
  to	
  the	
  substrate.	
  	
  

§  Textured	
  appear	
  more	
  oaen	
  in	
  thin	
  films	
  of	
  self-­‐assembled	
  organic	
  
small	
  molecules	
  where	
  fine	
  crystallites	
  form	
  and	
  exhibit	
  varying	
  
degrees	
  	
  of	
  	
  order	
  	
  and	
  	
  preferred	
  	
  orienta<on.	
  	
  

§  For	
  detailed	
  formula,	
  refer	
  to	
  Dag	
  W.	
  Breiby,	
  et	
  al.,	
  Simula<ng	
  X-­‐ray	
  
diffrac<on	
  of	
  textured	
  films,	
  J.	
  Appl.	
  Cryst.	
  (2008).	
  41,	
  262–271	
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Textured films 
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Randomly	
  
oriented	
  crystals	
  	
  

Broad	
  distribu<on	
  of	
  
crystal	
  orienta<on	
   Highly	
  oriented	
  

J.	
  Rivnay,	
  et	
  al.,	
  Chem.	
  Rev.	
  112,	
  5488	
  
(2012)	
  

Solid	
  state	
  pressed	
  	
   As	
  spun	
  cast	
   Thermally	
  annealed	
  



Thin film gratings 
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Minhao	
  Yan	
  and	
  Alain	
  Gibaud,	
  
J.	
  Appl.	
  Cryst.	
  40,	
  1051	
  (2007)	
  



Block copolymer thin film gratings on patterned 
substrates 
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